We report a comprehensive inelastic neutron-scattering study of the frustrated pyrochlore antiferromagnet MgCr2O4 in its cooperative paramagnetic regime. Theoretical modeling yields a microscopic Heisenberg model with exchange interactions up to third-nearest neighbors, which quantitatively explains all the details of the dynamic magnetic response. Our work demonstrates that the magnetic excitations in paramagnetic MgCr2O4 are faithfully represented in the entire Brillouin zone by a theory of magnons propagating in a highly-correlated paramagnetic background. Our results also suggest that MgCr2O4 is proximate to a spiral spin-liquid phase distinct from the Coulomb phase, which has implications for the magneto-structural phase transition in MgCr2O4.
We report a comprehensive inelastic neutron-scattering study of the frustrated pyrochlore antiferromagnet MgCr2O4 in its cooperative paramagnetic regime. Theoretical modeling yields a microscopic Heisenberg model with exchange interactions up to third-nearest neighbors, which quantitatively explains all the details of the dynamic magnetic response. Our work demonstrates that the magnetic excitations in paramagnetic MgCr2O4 are faithfully represented in the entire Brillouin zone by a theory of magnons propagating in a highly-correlated paramagnetic background. Our results also suggest that MgCr2O4 is proximate to a spiral spin-liquid phase distinct from the Coulomb phase, which has implications for the magneto-structural phase transition in MgCr2O4.
The classical pyrochlore Heisenberg antiferromagnet is a canonical model of frustrated magnetism. With only nearest-neighbor (NN) exchange interactions, it does not exhibit magnetic ordering down to zero temperature and instead hosts a liquid-like state of strongly correlated spins. In real space, this cooperative paramagnet is a system of underconstrained spins on a network of cornersharing tetrahedra. The energy is minimized if the vector sum of spins is zero on every tetrahedron, giving rise to an extensive ground-state degeneracy. Mapping spin variables to flux variables on the bonds of the dual diamond lattice transforms this spin constraint to a divergencefree condition on the flux fields. Consequently, spin correlations decay algebraically in real space, and sharp features-known as pinch points-are present in reciprocal space. This exotic magnetic state of matter is termed a Coulomb phase [1] [2] [3] .
The best candidate materials to realize the Coulomb phase include the spin ices [4] [5] [6] and the cubic AB 2 O 4 spinels and NaA B 2 F 7 fluorides [7] [8] [9] , in which a transition-metal ion B occupies a pyrochlore lattice. Canonical spinel examples are CdCr 2 O 4 [10] , ZnCr 2 O 4 [11] , and MgCr 2 O 4 [12, 13] , which are all highlyfrustrated antiferromagnets that ultimately order magnetically at temperatures T N much smaller than the scale of exchange interactions. Contrary to expectations, neutron-scattering experiments on these materials do not reveal sharp pinch points; instead, only broad ring-like diffuse scattering patterns are observed. These experimental observations have been explained in terms of decoupled hexagonal spin clusters-loops of six spins with alternating directions [11] . While phenomenological model has been remarkably successful in explaining magnetic scattering features [11] [12] [13] [14] . It leaves three key questions unaddressed. First, what is the microscopic origin of cluster-like scattering in terms of the underlying magnetic interactions? Second, how does frustration relate to the complex ordered structures that B-site spinels often exhibit below T N ? And, third, what is the origin of the broad magnetic excitation spectrum observed in the cooperative paramagnetic state? This final question is of particular importance because three explanations have been proposed: (i) scattering is broad in energy, because excitations have a short lifetime; (ii) scattering is broad because the excitations are fractionalized; (iii) scattering is broad in momentum, because the excitations are riding on a disordered background.
In this Letter, we use a combination of neutron spectroscopy and modeling to determine the spin Hamiltonian of MgCr 2 O 4 and the nature of its magnetic excitations in the correlated paramagnetic regime at temperature T = 20 K. We study this material because it is a paradigmatic example of a frustrated antiferromagnetic spinel that shows cluster-like scattering above T N and exotic magnetic order below T N . Our results significantly advance previous studies by measuring and explaining the entire four-dimensional (4D) magnetic response of MgCr 2 O 4 as a function of energy and momentum. We use quantitative modeling to determine a set of exchange interactions that best reproduce our experimental data. Remarkably, we find that linear spin-wave theory accurately captures all the details of the correlated paramagnetic response in MgCr 2 O 4 , revealing the harmonic nature of excitations in this classical spin liquid. Furthermore, we find that our model remains highly frustrated despite the presence of further-neighbor (FN) interactions. We explain this result by showing that MgCr 2 O 4 is proximate to a highly-degenerate spiral-spin-liquid phase distinct from the Coulomb phase. Our results suggest competition between nearly-degenerate states drives the complex low-temperature states often observed in frustrated B-site spinels.
The crystal structure of MgCr 2 O 4 at T = 20 K is cubic (space group F d3m, a = 8.33Å). Magnetic Cr 3+ ions interact magnetically with their nearest neighbors (NN) primarily via direct exchange (d Cr−Cr = 2.95Å) and with further neighbors (FN) via superexchange [ Fig. 1(a) ]. Thermo-magnetic measurements [15] [16] [17] [18] reveal net antiferromagnetic interactions with a Weiss constant ranging from θ W = −346K [15, 16] to −433K [17, 18] , and are compatible with spin-only magnetic moments for Cr 3+ (S = 3/2 and g ≈ 2.05) [17] . Below ∼ 40 K (≈ 0.1θ W ), the magnetic susceptibility markedly departs from the Curie-Weiss law which contrasts with predictions for the NN model [19] . Futhermore a cooperative paramagnetic regime appears with cluster-like scattering [12] [13] [14] 20] . This regime persists down to T N ≈ 13 K [17, 18, 21] , where the onset of long-range magnetic ordering [15, 17, 18] is accompanied by a structural distortion to tetragonal or lower symmetry [22] [23] [24] due to spin-lattice coupling [11, [25] [26] [27] . Magnetic Bragg peaks observed below T N are indexed by two inequivalent propagation vectors, k L,1 = [28] with respect to the cubic cell; the magnetic structure of this so-called "L phase" is not fully solved [20, 28] . Moreover, an additional partially-ordered magnetic phase ("H phase") with a single propagation vector k H = (0, 0, 1) is observed for some samples between T N and T H ≈ 16 K [12, 28] .
To understand the nature of the magnetic excitations in MgCr 2 O 4 we performed neutron-scattering experiments that expose its magnetic excitation spectrum as a function of neutron momentum transfer Q = k i − k f and energy transfer E = E i −E f to the sample. Large single crystals of MgCr 2 O 4 were grown using the floatingzone technique following systematic sample-quality studies [17, 18] . Our 10 best crystals were co-aligned on an aluminum holder for a total sample mass m ≈ 13.5 g and overall mosaic ≤ 3
• [see Sec. S1]. Inelastic neutronscattering data were collected on the SEQUOIA instrument [29, 30] at the Spallation Neutron Source, Oak Ridge National Laboratory (USA). Incoming neutron energies of E i = 40 and 80 meV were used, yielding elas- dynamical structure factor at selected momenta, normalized to the energy transfer E0 = 2 meV. (d) Slices at constant energies E ± 0.2 meV through the data (left column) and the FN model (right column) in the (h, k, k) plane. Throughout, blank space is due to kinematic constraints on the scattering, and the extra intensity at (4, 0, 0) arises from a strong nuclear Bragg peak and its associated acoustic phonon.
tic energy resolutions of 0.8(4) and 1.6(8) meV, respectively. The sample mount was cooled to T = 20 K using a closed-cycle refrigerator and rotated about a vertical axis in steps of 1
• over a range > 90
• . The data were converted to absolute units in Mantid [31] using measurements of a vanadium standard, analyzed in Horace [32] where background contributions and Bragg peaks from the sample were masked, and symmetrised in the m3m Laue class [see Sec. S2]. The normalized magnetic intensity can be written I(Q, E) = (
is the magnetic form factor, and S(Q, E) is the magnetic scattering function. We obtained energy-integrated quan-
, where α ∈ {0, 1}, and E = 20 meV is chosen to encompass the magnetic excitation bandwidth. The quantities I 0 (Q) and I 1 (Q) are proportional to the instantaneous magnetic structure factor S(Q) and the first moment K(Q), respectively, with the constant of proportionality
To model the magnetism of MgCr 2 O 4 , we use the Heisenberg model H = 1 2 ij J ij S i · S j , where S i represents the spin at one of the N sites R i of the pyrochlore lattice, and the four interactions J ij ∈ {J 1 , J 2 , J 3a , J 3b } extend to third-nearest neighbors [ Fig. 1(a) ]. We will show that it is crucial to model the two inequivalent third-neighbor pathways J 3a and J 3b separately. Our choice of a Heisenberg model is motivated by the small orbital contribution to the magnetic moment (g ≈ 2.05) and a preliminary reverse Monte Carlo analysis [34] [35] [36] [37] that revealed an isotropic distribution of spin orientations [see Sec. S3]. For a Heisenberg paramagnet, the structure factor is the Fourier transform of instantaneous two-spin correlators, S(Q) = model [43] .
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To examine the nature of excitations, we calculated S(Q, E) in the paramagnetic regime using linear spinwave theory (LSWT) in a framework previously used to model metallic spin-glasses [44, 45] . For a given set of interactions, we use Monte Carlo simulations to generate ensembles of spin configurations at low but finite temperature to avoid ordering, calculate harmonic fluctuations of each spin configuration, and average S(Q, E) over these samples [see Sec. S6]. We compared LSWT calculations-performed for several sets of interactions near the shallow χ 2 minimum of Fig. 1(b) -with the entire 4D momentum-energy dependence of our experimental data [see Sec. S7]. The best match is obtained for our previously-determined FN model, with LSWT calculations in striking agreement with the experimental observations [ Fig. 2 ].
Our microscopic model also explains the persistence of a classical spin-liquid in MgCr 2 O 4 despite FN interactions. In classical spin liquids, the lowest-energy eigenvalues of the interaction matrix are degenerate throughout large regions of the Brillouin zone, which suppresses magnetic ordering. We find that for the FN parameters of MgCr 2 O 4 , ordering wavevectors κ with energies within 0.5% of the global energy minimum describe a large surface near the zone boundary [ Fig. 3(a) ]. This result is surprising because FN interactions are generically expected to lift the degeneracy of the NN model. To explain it, we calculated the phase diagram of ordered states as a function of J 2 , J 3a , and J 3b [ Fig. 3(b) ].
Crucially, we uncover planes in interaction space along which the degeneracy of possible ordered states is exact and macroscopic. Our FN parameters place MgCr 2 O 4 in proximity to such a phase, for which wavevectors of the type κ = (1, h, 0) are degenerate [blue lines in Fig. 3(a) ]. The corresponding states are a degenerate set of coplanar spirals [see Sec. S8], analogous to the "spiral spin liquid" states previously known only for the J 1 -J 2 model on the diamond lattice [46] . This result explains the similarity of cluster-like scattering in MgCr 2 O 4 to neutron-scattering data for diamond-lattice systems such as MnSc 2 S 4 [47] .
Our analysis sets a benchmark for the comprehensive determination of magnetic interactions in materials where the traditional approach of spin-wave dispersion modeling is not available-either because the system does not order at an accessible temperature, or because the nature of this ordering is controlled by a magnetic Hamiltonian that is distinct from that of the paramagnetic phase due to magnetoelastic effects. The latter is the case in frustrated spinels such as MgCr 2 O 4 and ZnCr 2 O 4 . Furthermore the presence of several symmetry-unrelated ordering wavevectors makes magnetic structure solution very challenging. However, our results present a key insight: the degeneracy of our spiral spin liquid state encompasses two of the ordering wave-vectors, κ H and κ L,2 , that are observed experimentally below T N in MgCr 2 O 4 and ZnCr 2 O 4 . This result suggests that the complex magnetic orderings observed in these frustrated spinels is a consequence of the near-degeneracy of competing ordered states shown in Fig. 3(a) . While the exact ground state is likely selected by magneto-structural effects beyond the Heisenberg model, we anticipate that our paramagnetic Hamiltonian will provide a valuable starting-point to develop a microscopic theory of magnetic ordering in these complex materials.
It is remarkable that, within the resolution of our experiment, the spin dynamics of MgCr 2 O 4 at T = 20 K can be entirely described by spins precessing around their local mean field, with no evidence of quantum effects [9] . Crucially, this excludes fractionalization and short lifetime as the physical origin for the broad momentumenergy response; rather, it indicates that scattering is broad in wave-vector because excitations propagate in a spatially disordered background.
Note added at the time of submission: During the completion of this manuscript a paper making similar observations for NaCaNi 2 F 7 appeared on the arXiv [48] . In conjunction these papers on pyrochlore antiferromagnets with different ranges of interactions and spin quantum numbers indicate the robustness of our theoretical results.
We thank Oleg Tchernyshov for many useful discussions during the earlier stages of this project. 
S3. Reverse Monte-Carlo analysis of spin-space anisotropy
We used a reverse Monte Carlo (RMC) approach [34] to analyze our magnetic diffuse-scattering data. The RMC approach fits spin configurations directly to experimental data without using a model of the magnetic interactions. For our refinements, we fitted the energy-integrated single-crystal data measured on SEQUOIA at 20 K; the two datasets with incident energies of 40 and 80 meV were fitted simultaneously. Our spin configurations contained 8 × 8 × 8 conventional unit cells (8192 vector spins). Our single-crystal RMC refinement algorithm has been described previously [37] . An overall intensity scale factor and flat background level were refined for each dataset. Fifteen independent refinements were performed and the results averaged to improve their statistical accuracy. Each refinement was performed for 300 proposed moves per spin, after which no significant improvements in the fit was apparent.
Because the RMC approach is data-driven and independent of an interaction model, it allows the assumptions of our interaction model to be tested in an unbiased way. Arguably the most important assumption of our interaction model is that the interactions are described by a Heisenberg form without anisotropy terms. To test this assumption, we look for the presence of anisotropy in the distribution function of spin orientations determined from RMC refinement,
where n(θ, φ) is the number spins with orientations within the range d(cos θ), dφ, and N is the total number of spins. It has been shown previously that RMC refinement is sensitive to anisotropy in pyrochlore magnets, if it is indeed present [36] . However, the function ln(p) for MgCr 2 O 4 shown in Fig. S4 (a) reveals no evidence for anisotropy, beyond statistical fluctuations that are also present in entirely random spin configurations of the same size [ Fig. S4(b) ]. 
S4. Results of SCGA fits to energy-integrated and susceptibility data
The SCGA fits to energy-integrated quantities I 0 (Q) and I 1 (Q) of both 40 and 80 meV datasets are performed for a grid of values of J 2 and J 3a . In addition to J 1 and J 3b , overall scale factors, s 40 and s 80 , are introduced in the fits for each dataset to compensate for the discrepancy in the absolute normalization. Constant background parameters I 
S6. Linear Spin-Wave Theory calculations
Understanding of the spin wave excitations MgCr 2 O 4 was enabled by comparing neutron scattering results to semiclassical simulations of S (Q, E) for the pyrochlore lattice, with Q, E, T and the values of further neighbor interactions taken as the input parameters.
Our numerical modeling proceeded as follows: we studied spins on a pyrochlore lattice with 6 × 6 × 6 cubic unit cells and periodic boundary conditions, containing 3456 spins in total, governed by a Heisenberg Hamiltonian with nearest neighbor J and longer ranged interactions J 2 , J 3a and J 3b . To calculate S (Q, E), we first computed an approximate classical ground state using the Monte Carlo technique. In the case of pure nearest neighbor interactions (where the ground state is massively degenerate) we reached the T → 0 limit by following the Monte Carlo iterations with a steepest descent method to arrive at an effectively exact ground state. In the case of further neighbor interactions, the true ground state is ordered (with a very small T N ); since our study was interested in the spin wave structure of the disordered paramagnetic phase, we thermalized the system at approximately 10 K to ensure the ordered state was never reached. Having derived a base classical spin configuration, we then numerically constructed the quantum harmonic spin wave Hamiltonian as in Walker and Walstedt [44, 45] , exactly diagonalized the Hamiltonian using a Bogoliubov transformation to obtain the full single-excitation spectrum, and then used the resulting eigenstates to calculate the dynamical structure factor S (Q, E), with Bose factors added to incorporate finite temperature. This method produces the leading order term in the 1/S expansion; at this level the eigenfrequencies of the quantum large-S problem and the normal modes of small oscillations about the classical ground state are identical.
To improve our numerical results, we repeated the above process ten times for each set of interactions chosen, and then averaged the resulting distributions of S (Q, E) over classical ground states. For the nearest neighbor case, averaging over ground states mitigates finite size effects that result from studying the excitations about a single ground state chosen from a massively degenerate manifold. For case of longer ranged interactions, our choice to study the system at finite temperature to prevent ordering led to a fraction of the lowest energy modes (E ∼ T or below) being unstable, as they described oscillations about a configuration which was not the system's true ground state. Such modes have complex eigenfrequencies and cannot be properly normalized in the Bogoliubov formalism. However, as far as we were able to ascertain, the momentum space distribution of the unstable modes is an effectively random fraction of the total spectral weight at that energy, so we were able to reconstruct the low-energy excitations by averaging over thermal "ground state" spin configurations to sample from the stable modes which had well-defined normalization, simply omitting any contribution from unstable modes.
Finally, to study the energy-integrated spectral weight S (Q) we employed the self-consistent Gaussian approximation outlined in Ref. [40] . Unlike the harmonic approach detailed above, this method implicitly accounts for interactions between spin waves and does not suffer from normalization issues due to unstable modes, but it is a timeindependent method and thus does not provide energy-resolved data. As its computational cost is significantly lower than the harmonic approach, we used it to extract the longer ranged interactions J 2 , J 3a and J 3b from a numerical fit to the neutron scattering data, and then used those parameters in the harmonic calculation to obtain finite-energy results.
S7. Spin dynamics for different exchange models and results of LSWT fits
To make quantitative comparisons between interaction models and experimental data, we fit results of LSWT calculations to the experimental data with three fitting parameters, the overall energy scale W , the intensity scale I 0 and a constant background I bk . The fitting is performed simultaneously for constant-momentum slices with L = 0, 0.5, 1 and 1.5 r.l.u. and energy transfer between 1.5 meV and 25 meV. The simulated data is interpolated on a Q-grid that matches the experimental data and the overall intensity is normalized according to the sum rule, prior to the fitting. All the exchange models and corresponding fitting results are summarized in Fig. S8 and Tab. S3. Detailed inelastic spectra are presented in Fig. S9 to S10. TABLE S3 . Values of the exchange parameters and fitting results. The reduced χ 2 confirms that the set of parameters, F4, obtained from fitting the energy-integrated quantities and bulk magnetic susceptibility also best reproduces inelastic neutron data. Moreover, the intensity scale I0 is close to 1, indicating that the calculation for this set of parameters correctly captures the ratio of inelastic to elastic spectral weight. 
